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We explore the moire´ magnon bands in twisted bilayer magnets with next-nearest neighbor-
ing Dzyaloshinskii-Moriya interactions, assuming that the out-of-plane collinear magnetic order is
preserved under weak interlayer coupling. By calculating the magnonic band structures and the
topological Chern numbers for four representative cases, we find that (i) the valley moire´ bands are
extremely flat over a wide range of continuous twist angles; (ii) the topological Chern numbers of
the lowest few flat bands vary significantly with the twist angle; and (iii) the lowest few topologi-
cal flat bands in bilayer antiferromagnets entail nontrivial thermal spin transport in the transverse
direction; These properties make twisted bilayer magnets an ideal platform to study the magnonic
counterparts of moire´ electrons, where the statistical distinction between magnons and electrons
leads to fundamentally new physical behavior.
I. INTRODUCTION
The experimental discovery of two-dimensional (2D)
ferromagnetism1,2 spurred a flurry of research, rapidly
reshaping the field of 2D materials with an emerging fron-
tier. Since then, 2D magnetic van der Waals materials
has become a new and versatile platform to study funda-
mental physics in reduced dimensions3–5. A recent high-
light in 2D materials is the observation of unconventional
superconductivity6 and Mott insulator7 in twisted bilayer
graphene where the electronic bands around the Fermi
level are nearly flat, magnifying the relative strength of
interaction effects.
It has been demonstrated that in insulating magnetic
materials, the spin-wave excitations (or magnons) can
play the role of electrons in transporting spin angular
momenta8. In particular, the Dzyaloshinskii-Moriya in-
teraction (DMI) acts as an effective spin-orbit coupling
(SOC) on magnons, enabling the magnonic counterparts
of pure spin phenomena usually associated with the elec-
tron spin9–19. At this point, it is tempting to ask if
twisting a bilayer magnet can generate any nontrivial
magnonic bands and the consequential transport phe-
nomena. If magnon bands become flat, twisted bilayer
magnets (TBM) can be exploited to study the magnon-
magnon and magnon-phonon interactions, the influences
of which have been treated only perturbatively in tradi-
tional scenarios. Furthermore, if flat magnon bands are
simultaneously topologically non-trivial, exotic thermo-
magnetic transport can arise. The physics behind flat
magnon bands is not a trivial extension of that of elec-
trons because the statistical distinction between magnons
and electrons does not just superficially manifest in their
thermal population but can also reflect profoundly in the
governing equations10.
In this paper, we study moire´ magnons of insulating
TBM in honeycomb lattices, where symmetry allows for
the next-nearest neighboring DMI in each layer. We
assume that the interlayer coupling is of exchange na-
ture and sufficiently weak compared to the intralayer ex-
change interactions, so the ground state remains in the
collinear regime. In a comparative manner, we study
four representative ground states of TBM [as illustrated
in Fig. 1(a)] classified by the relative signs of intralayer
and interlayer couplings. The moire´ band structures will
be obtained by plane-wave expansions20, based on which
we will further compute the associated Berry curvatures
and topological Chern numbers. Except for the bilayer
ferromagnetic (FM) state [case i in Fig. 1(a)], which has
the same governing equation as a twisted bilayer tran-
sition metal dichalcogenides21–24 or time reversal break-
ing layered materials25, all TBMs involving antiferromag-
netic (AFM) features [case ii, iii and iv in Fig. 1(a)]
do not have direct correspondence to electronic systems.
Therefore, the appearance of flat magnon bands in TBM
reveals a new physical horizon different from the well-
established twisted electronic systems.
While magnons are bosonic excitations that preferably
populate the high-symmetry Γ point, the nontrivial topo-
logical properties such as transverse spin transport origi-
nate from valley magnons aroundK andK ′ points, where
the bands can reach local minima depending on the DMI.
In particular, when two AFM layers are coupled ferro-
magnetically (such as MnPS3 and its variances
26), the
lowest few bands in the valleys can be tuned into topo-
logically flat bands at certain twist angle. Even though
it is not clear if the flatness of a magnon band is directly
linked with its topology, we make a crucial attempt to
characterize this subtle relation by calculating the de-
pendence of bandwidth and Chern numbers on the twist
angle.
It is worthwhile to distinguish the scope of our work
from the findings of two recent papers27,28 published dur-
ing the preparation of our manuscript. Ref. [27] studied
the non-collinear ground states of TBM and the twist-
induced phase transitions among those states, unravelling
the strong interlayer coupling regime. On the other hand,
this paper studies the moie´ magnons on top of collinear
ground states, which holds in the weak interlayer cou-
pling regime. Ref. [28] focused on the FM ground state
[corresponding to our case i in Fig. 1(a)] where the gov-
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2erning equation can be fully mapped to a Schro¨dinger
equation describing a twisted bilayer electronic system.
In contrast, four representative collinear ground states
have been explored in this paper, providing a general
and comparative picture of twisted TBM, where we es-
pecially identify the unique features originating from the
AFM couplings (which can be interlayer, intralayer or
both) that has no counterparts in electronic systems.
The rest of this paper is organized as follows. In
Sec. II, we introduce the formalism starting with the
model Hamiltonian. In Sec. III, we show the moire´ band
structures and the Berry curvatures associated with the
lowest few flat bands. In Sec. IV, we discuss the ma-
nipulation of the flatness and topological Chern numbers
of the topological flat bands through the twist angle. A
brief summary is given in Sec. V.
II. MODEL AND FORMALISM
Let us consider a magnetic insulator consisting of two
honeycomb layers twisted by an angle θ. In the tight-
binding limit, this system can be described by the effec-
tive Hamiltonian
H =
∑
n=1,2
Hn +HT , (1)
with
Hn = −J1
∑
〈i,j〉
Sn,i · Sn,j + κ
∑
i
(Szn,i)
2 (2a)
+D2
∑
〈〈i,j〉〉
ij zˆ · Sn,i × Sn,j ,
HT = −
∑
i,j
JT (i, j)S1,i · S2,j . (2b)
Here, Hn is the intralayer Hamiltonian for layer n (n =
1, 2 denotes top, bottom layer) and HT is the interlayer
exchange Hamiltonian with the coupling strength JT (i, j)
depending on the distance rij between site i and site j.
J1 is the nearest-neighbor exchange interaction (J1 > 0
for FM and J1 < 0 for AFM couplings), D2 is the next-
nearest neighboring DMI with ij = ±1 representing the
chirality of atomic bonds, and κ < 0 is the perpendicular
easy-axis anisotropy. On honeycomb lattices, symmetry
forbids nearest-neighboring DMI unless the lattice is a
strained.
In electronic systems, the tight-binding model is prob-
lematic when the bands under consideration is topolog-
ical nontrivial because constructing well-localized Wan-
nier functions respecting all symmetries becomes impos-
sible29–31. Nevertheless, this problem does not even exist
in topological magnons as long as the DMI does not de-
stroy the collinear ground state. This is because the real-
space basis of spin waves, unlike electronic Bloch waves
subject to a Fourier transformation, is infinitely localized
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FIG. 1. (color online). (a) Schematic illustration of four dif-
ferent cases of twisted bilayer magnets classified by the signs
of J1 and JT . (b) The moire´ BZ formed by overlapping the
top and bottom BZs at twist angle θ. (c) and (d): band
structures of monolayer FM (J1 > 0) and AFM (J1 < 0) with
different DMIs. The positive (negative) branch in (d) refers
to the right-handed (left-handed) magnon excitations.
on the atomic sites.
According to the signs of J1 and JT , we classify bilayer
magnets into four different cases labeled as i, ii, iii and
iv as illustrated in Fig. 1(a). In particular, ii is represen-
tative of layered AFM such as CrI3
1 and iii is represen-
tative of intrinsic AFM with FM interlayer coupling such
as MnPS3
26. Under the same incommensurate angle, iii
and iv exhibit local FM and AFM configuration, respec-
tively, at the AA stacking regions due to the opposite sign
of JT . In the following, the moire´ magnon bands will be
calculated based on single-layer magnon band structures.
So we need to first solve the single-layer magnon bands.
Neglecting magnon-magnon interactions, we adopt the
linearized Holstein-Primakoff transformation32
S+n,i ≈
√
2San,i, S
−
n,i ≈
√
2Sa†n,i, S
z
n,i = S − a†n,ian,i,
(3)
for up spins and
S+n,i ≈
√
2Sb†n,i, S
−
n,i ≈
√
2Sbn,i, S
z
n,i = b
†
n,ibn,i − S,
(4)
for down spins, where S±n,i = S
x
n,i ± Syn,i and a†n,i (b†n,i)
is the magnon creation operator for site i on layer n
when there is an up (down) spin there. Next we take
the Fourier transformation ak =
1√
N
∑
k e
−ik·riai and
bk =
1√
N
∑
k e
ik·ribi to transform Hn into the momen-
tum space, which in the pseudo-spin representation (i.e.,
3A and B sublattices) takes the form
Hn (k) /S =
[
C +D2gnk −J1fnk
−J1f∗nk C −D2gnk
]
, (5)
where the zero-point energy has been discarded. If an in-
dividual layer is AFM, the pseudospin space is furnished
by the Nambu basis ψk = [ak, b
†
k]
T such that Hn =∑
k ψ
†
kHnψk. In Eq. (5), C = 3 |J1| + |JT | − 2κ, fnk =∑3
i=1 exp (ik · cni), gnk = 2
∑3
i=1 (−1)i−1 sin (k · dni)
where cni = e
−iθnci and dni = e−iθndi with the twist
angle of the top (bottom) layer θ1,2 = ∓θ/2. The near-
est neighbor links are c1 = a0
(
0, −1) and c2,3 =
a0
(±√3/2, 1/2), and the next-nearest neighbor links
are d1 = a0
(√
3, 0
)
and d2,3 = a0
(−1/2, ±√3/2).
The single-layer band structures obtained by diagonal-
izing Eq. 5 are plotted in Fig. 1(c) and (d). For both
FM and AFM, the lowest energy appears at the Γ point,
which is not affected by the DMI. Recent studies have
pointed out the DMI plays different roles in FM and AFM
monolayers9,10.
Next we turn to the interlayer hopping terms. In
the continuum limit20, the effective interlayer exchange
Hamiltonian can be taken as
HT (r) /S =
3∑
i=1
T (qi) e
−iqi·r, (6)
where
T (0) = −JT
[
0 1
1 0
]
,
T (G1) = −JT
[
0 1
ei2pi/3 0
]
,
T (G1 +G2) = −JT
[
0 1
e−i2pi/3 0
]
,
(7)
are the interlayer hopping matrices connecting the three
nearest neighbors in the momentum space labeled by
the reciprocal lattice vectors G1 = Kθ(
1
2 ,
√
3
2 ), G2 =
Kθ(−1, 0) with Kθ = 2 · 4pi/ (3a0) · sin (θ/2). Note that
we have set tAA = tBB = 0 because at small twist an-
gles the interlayer hopping between similar sublattices
(AA/BB regions) is strongly suppressed33.
We now use the plane-wave expansion to calculate the
moire´ magnon bands of a twisted bilayer magnet20. Since
the interlayer Hamiltonian HT (r) is constructed in the
real space above, we need to define the real-space in-
tralayer Hamiltonian as well: Hn(r) =
∫
dkHn(k)e
−ik·r.
Then the total Hamiltonian becomes
H (r) =
[
H1 (r) HT (r)
HT (r)
†
H2 (r)
]
, (8)
from which the moire´ magnon bands can be solved with
a proper truncation in the Brillouin zone (BZ). Different
from that of electrons, the eigen-equation for magnons
Eη (r) Ψ (r) = H (r) Ψ (r) , (9)
comes with an effective metric
η (r) =
[
1 0
0 sgn (JT )
]
⊗
[
1 0
0 sgn (J1)
]
(10)
that depends on the signs of both interlayer and in-
tralayer couplings. The essential difference in band topol-
ogy between electrons and magnons lies in this η ma-
trix10. If one (or both) of JT and J1 becomes negative
(AFM coupling), the eigenvalue problem here will not
bear a correspondence in electronic systems, and intu-
itions acquired from electronic systems no longer apply.
Moreover, since symmetry guarantees that the bands of
twisted AFM (case ii, iii, and iv) come in pairs of right-
handed chirality (positive branch) and left-handed chi-
rality (negative branch) as those in single layer AFM,
hereafter we will only show the right-handed ones for
simplicity.
To calculate the Berry curvature numerically, we fol-
low the method in Ref.[34]. Let the eigenvector in the
momentum space be Ψ (k), the Berry curvature can be
expressed as
Ω (k) =
1
2pii
ln [Ux(k)Uy(k + δkx)
×Ux(k + δky)−1Uy(k)−1
]
, (11)
where
Uj(k) =
〈Ψ(k)|γz(k)|Ψ(k + kj)〉
|〈Ψ(k)|γz(k)|Ψ(k + kj)〉| , j = x, y
The Chern number can be obtained straightforwardly by
integrating the Berry curvature over the first BZ.
In our detailed calculation, the truncation of plane-
wave expansion is taken as kt = 4Kθ if θ > 1
° while
kt = 4Kθ/θ if others. We adopt the scaling convention
that the lattice constant a0 = 1 and |J1| = 1. Other
parameters are taken to be S = 1, κ = −0.05, and |JT | =
0.1 unless otherwise specified.
III. BAND STRUCTURES, TOPOLOGY, AND
FLATNESS
A. Γ point magnons
Magnons are bosons that preferably occupy lower-
energy states. Therefore, at low temperatures, magnons
are mostly populated in the vicinity of the Γ point. How-
ever, because of high symmetry, the moire´ bands near
new center of the shrunk moire´ BZ–γ point–do not take
on essential new features beyond what already exist near
the single-layer Γ-point, thus impatient readers can skip
to the next subsection directly.
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FIG. 2. (color online). (a) and (b): the lowest moire´ bands
shrunk from the Γ point of the FM (case i) and AFM (case iii)
single layers at θ = 1°. In both cases, JT = 0.1 and D2 = 0.
(c) and (d): the widths of the lowest band as a function of θ
for different values of DMI.
Nevertheless, for theoretical completeness, it is instruc-
tive to first study the comparably trivial Γ point. The
commensurate condition requires that the Γ points of the
top and bottom layers coincide with the new γ point of
the moire´ BZ up to integers of reciprocal lattice vector35
as illustrated in Fig. 1(b). Consequently, twisting only
introduces a phase difference between the Hamiltonians
of the top and bottom layers within only the nearest-
neighbor coupling in the momentum space. Meanwhile,
the interlayer Hamiltonian reduces to HT (r) = T (0) =
−JT
[
1 0
0 1
]
. Then the total Hamiltonian becomes
H =
[
H1 (k) T (0)
T (0)
†
H2 (k)
]
, (12)
where k is restricted to the first moire´ BZ and the band
structure can be solved by directly diagonalizing this
Hamiltonian. Near the Γ point, single-layer bands shrink
into the moire´ BZ with minor deformation due to the
weak interlayer coupling. Fig. 2(a) and (b) plot the low-
est few bands for cases i and iii at twist angle θ = 1°,
where the only visible difference is the zero energy gap
at the γ point. Those bands are quadratic, topologically
trivial and independent of the DMI. Moreover, varying
the twist angle does not lead to flat bands. Fig. 2(c) and
(d) plot the width of the lowest band as a function of
θ at different DMIs, where the reduction of the band-
width with a decreasing θ is simply due to the shrinking
of the moire´ BZ instead of any twist-induced qualitative
change.
To confirm that we have not missed any essential
physics due to crude approximation, we have refined the
above calculation by both including higher order terms
in the interlayer coupling (in the k space) and truncating
the plane-wave expansion at larger momenta. However,
by doing so, we do not observe any visible change with
the same resolution in Fig. 2.
B. K point magnons
Even though single-layer magnons are mostly popu-
lated near the Γ point, non-trivial transport properties
are attributed to magnons from theK andK ′-valleys9–13.
As shown in Fig. 1(c) and (d), a substantial DMI can even
yield the energy of valley magnons comparable to that of
Γ magnons. Therefore, with an increasing temperature,
valley magnons become more and more important in de-
termining spin transport. We expect similar outcomes for
the morie´ magnons because the morie´ bands are calcu-
lated based on single-layer Hamiltonians in the presence
of interlayer coupling.
To study magnons folded from both the Γ andK points
uniformly, we shift the γ point of the shrunk moire´ BZ
to the origin by adding a twist-angle dependent con-
stant k0 =
{
4pi · (cos θ/2 +√3 sin θ/2) / (3√3a0) , 0} to
the crystal momentum, defining H˜n (r) =
∫
dkHn(k +
k0)e
−ik·r with k restricted to the shrunk moire´ BZ.
Hence, the real-space Hamiltonian becomes
H (r) =
[
H˜1 (r) HT (r)
HT (r)
†
H˜2 (r)
]
, (13)
where k is restricted to the shrunk moire´ BZ. Fig. 3 plots
the moire´ bands and the Berry curvatures associated with
the lowest valley band colored red at θ = 1° for the four
different cases illustrated in Fig. 1(a).
In the bilayer FM case shown in Fig. 3(a), the bands
are symmetric about the plane Ec = 3 |J1|+ |JT | − 2κ =
3.2; the Chern numbers of the bands above Ec are oppo-
site to those below Ec. Regarding mathematical similar-
ity, the eigenvalue problem in this case is a magnonic ver-
sion of twisted bilayer transition metal dichalcogenides23,
where the Rashba SOC plays a crucial role in determin-
ing the band structures. Therefore, it is straightforward
to understand why the two bands mostly close to Ec are
flat. In honeycomb FM, it has been recently shown that
the DMI (effective Rashba SOC for magnons) is appre-
ciably strong17,18, which opens a topologically non-trivial
gap around the K-points of the single-layer bands. That
is to say, in calculating the morie´ bands for twisted bi-
layer FM, we are using topologically nontrivial single-
layer bases, which not only introduces unique features
of morie´ magnons but also shed significant lights on the
morie´ electrons under strong SOC.
In the other three cases plotted in Fig. 3(b), (c) and
(d), AFM characteristics manifest in one way or another
as the metric η appearing in Eq. 9 involves −1 factors.
But they all share the common feature that magnon
bands come in pairs of right-handed and left-handed chi-
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FIG. 3. (color online). (a), (b), (c) and (d) are the moire´ bands of valley magnons of the four cases defined in Fig. 1(a). The
band Chern numbers are labeled on the top of each band. Note that the band Chern number is not well defined if two bands
intersect with each other. The DMI is taken to be 0.05 in (a) and (b), and 0.35 in (c) and (d). The twist angle is θ = 1.0°. (e),
(f), (g) and (h) are the corresponding Berry curvatures of the lowest band colored red.
ralities, which mirror each other under certain symme-
try transformations. Similar to the bilayer FM case, in
Fig. 3(b), (c) and (d) the widths of the first few bands
(colored) above the lowest energy point of single-layer
valley magnons turn out to be negligible compared to
the band gaps. It is noticeable that, when expressed in
absolute values, they are even flatter than the electronic
flat bands in twisted bilayer graphene. Unlike the bilayer
FM case, however, they have no direct correspondence to
the electronic systems because of the metric η, thus the
flat bands in twisted AFMs are not superficial extensions
of any flat-band electronic systems.
The topological properties embedded in those flat
bands are indicated by the Chern numbers marked in
Fig. 3. While bands symmetrically distributed around
Ec = 3.2 in Fig. 3(a) have opposite Chern numbers,
the effective symmetry plane in twisted bilayer AFMs
is E = 0, which separates the right-handed sector from
the left-handed sector. Accordingly, we find that the
Chern numbers of the right-handed and the left-handed
modes differ by a minus sign, allowing pure spin trans-
port to be elaborated in the next section. Except for the
case of Fig. 3(b)–layered AFM, the energetically relevant
moire´ magnon bands are either flat or topologically non-
trivial, or both. In particular, the lowest flat band shown
in Fig. 3(c) is simultaneously topologically non-trivial,
which is amenable to thermally-induced pure spin trans-
port. Even though the Chern numbers of the lowest four
bands are all zero in Fig. 3(d) at θ = 1.0°, they can be
tuned by varying θ as will be shown in Fig. 6 later. More-
over, the Berry curvature exhibits a six-fold (three-fold)
rotational symmetry if the interlayer exchange interac-
tion JT is FM (AFM), which can be attributed to the η
factor unique to bosonic systems.
In deriving the above results, we find that the plane-
wave expansion is good only if the local band dispersion
around the (single-layer) K points is above a certain min-
imum. This sets an upper limit of DMI about 0.1 for case
i and ii and a lower limit of DMI about 0.3 for case iii
and iv, as the twist-angle varies from 0.5° to 5°.
IV. MANIPULATING FLATNESS AND
TOPOLOGY BY TWISTING
In this section we discuss how the width and topology
of the lowest few flat bands of valley magnons (colored in
Fig. 3) depend on system parameters and the resulting
effects in the transverse transport.
Fig. 4 plots the width δ of the lowest valley magnon
band as a function of the twist angle θ and the DMI
D2 for the four different cases, respectively. When the
single-layer ground state is FM (AFM), the range of D2
is restricted to be 0 to 0.1 (0.3 to 0.4) to ensure the va-
lidity of the continuum model. We notice that this band
is kept flat over a wide continuum of θ rather than show-
ing up at discrete and sharp “magic angles”. Of the four
cases, only the bilayer FM (case i) shown in Fig. 4(a) is
analogous to a twisted transition metal dichalcogenide23,
whereas all the other cases do not have direct correspon-
dence to any electronic systems due to the η matrix in
Eq. 9. While we can still find the local minima of δ as
marked by the dashed line, it no longer represents where
the band suddenly turns flat, which is almost invisible
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FIG. 4. (color online). Bandwidth δ of the lowest flat bands
(see red curves in Fig. 3) as a function of the twist angle θ
and the DMI D2 for |JT | = 0.1. The white dashed line in (a)
indicates the local minima of δ. The white star marks where
parameters in Fig. 3 are chosen: θ = 1° and D2 = 0.05 (0.35)
for cases i and ii (iii and iv).
for any infinitesimal D2. δ shows almost a monotonic
dependence on θ. However, the sharp pattern of dis-
crete “magic angles” where δ suddenly turns flat can be
retrieved in Fig. 4(a) (case i) when D2 is exactly zero,
where both the Hamiltonian and the governing equation
reduce to those of a twisted bilayer graphene. Here, an
infinitesimal D2 opens a topological non-trivial gap at
the K and K ′ points in the single-layer FM band9,12,
which amounts to a discontinuous change of the bases in
diagonalizing Eq. 13. The above finding indicates a pro-
found fact beyond the magnonic morie´ systems: even in
twisted bilayer electronic systems, including the Rashba
SOC may remove the pattern of “magic angles” and in-
troduce a wide continuum of flat bands23.
Fig. 5 further shows the dependence of δ on the in-
terlayer exchange interaction JT . For a given twist an-
gle, the bandwidth decreases with an increasing JT in all
cases, suggesting that the interlayer coupling enhances
the lowest flat band. In Fig. 5(a), the white dashed lines
mark the local minima of δ. Similar to Fig. 4, the band-
width δ does not suddenly turn flat on these lines but
remain essentially flat even away from these local min-
ima, persisting over a wide range of angles. In addition,
We notice that the bandwidth of case iv [Fig. 5(d)] is
much smaller than other cases, which is consistent with
and in fact incorporates what we have shown in Fig. 3(d).
Next we turn to the topological property and the re-
sulting transverse magnon transport. As has been es-
tablished in single-layer magnonic systems, under a tem-
perature gradient ∇T , the band m with a Berry curva-
ture Ωm(k) contributes to the total magnon flow with a
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FIG. 5. (color online). Bandwidth δ of the lowest flat band
(red curve in Fig. 3) as a function of the twist angle θ and the
interlayer interaction JT at D2 = 0.05 (0.35) for cases i and
ii (iii and iv). The white dashed lines in (a) denote the local
minima of δ.
magnon Hall current density as36,37
Jm =
kB
h
zˆ ×∇T
∫
d2k
2pi
Ωm (k) { ρm (k) ln ρm (k)
− [1 + ρm (k)] ln [1 + ρm (k)] } ,
(14)
where kB is the Boltzmann constant, h is the Planck
constant, and ρm(k) = 1/[e
Em(k)/kBT − 1] is the Bose-
Einstein distribution function. If band m is flat (i.e.,
Em(k) is approximately a constant), ρm will be approx-
imately a constant throughout the moire´ BZ. As a re-
sult, Jm can be simplified into Jm ≈ kBh zˆ × ∇TfmCm
where Cm = (1/2pi)
∫
d2kΩmk is the Chern number and
fm = ρm ln ρm−(1+ρm) ln (1 + ρm) is a constant depend-
ing only on temperature. When the lowest few bands
are all flat, the total magnon Hall current density has a
dominant contribution proportional to
∑
m fmCm. This
simplification due to band flatness allows us to analyze
the transverse transport in terms of topological Chern
numbers (at least qualitatively) even though magnons
are statistically distinct from electrons.
Case i is quite straightforward. Even though we can-
not obtain the dispersion relations and Chern numbers
of all bands due to the limit of plane-wave expansion,
we can claim a finite magnon Hall effect based on the
acquired information. As discussed above, the bands in
Fig. 3(a) are symmetrically distributed around Ec and
exhibit opposite Chern numbers for E > Ec and E < Ec.
On the other hand, the thermal distribution ρm does not
respect such symmetry. It is highly skewed around Ec.
Therefore, the magnon Hall currents arising from differ-
ent bands, especially the contribution of the first few flat
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FIG. 6. (color online). (a) and (b) are the Chern numbers of
the lowest four bands depicted in Fig. 3(c) and (d) as functions
of the twist angle with the same coloring. (c) and (d) are the
total contribution of these four bands to the SNE coefficient
at T = 0.1. Other parameters are taken to be the same as
those in Fig. 3.
bands
∑
m fmCm, do not cancel.
The most interesting cases are iii and iv, where the
lowest few bands are topological flat bands so that they
are energetically relevant to the transverse spin trans-
port. In Fig. 6(a) and (b), we plot the Chern numbers
of the lowest four topological flat bands as functions of θ
with color schemes matching those in Fig. 3(c) and (d).
It is interesting to see that even though Fig. 3(d) (case
iv) exhibits all zero Chern numbers at θ = 1°, chang-
ing θ can induce nonzero Chern numbers, resulting in
many topologically distinct phases within the range of
0.5° < θ < 4°. Besides, the right-handed and left-handed
magnons always have opposite Chern numbers regard-
less of the twisting angle, which establishes a direct con-
nection between non-zero Chern numbers and the spin
Nernst effect (SNE). Therefore, twisting becomes an ef-
fective operation to manipulate the band topology, hence
the transverse spin transport in bilayer AFMs. Although
this does not reflect the overall magnitude of SNE be-
cause higher bands are neglected, it reveals that the dom-
inant contribution of SNE is indeed controllable via twist-
ing.
Fig. 6(c) and (d) show the contributions of the lowest
four topological flat bands to the SNE coefficient κxy for
the cases of iii and iv in Fig. 6(a) and (b), respectively.
In particular, κxy can even flip sign by varying θ as shown
in Fig. 6(c). While a more accurate and complete inves-
tigation of higher bands is needed to determine quanti-
tatively the SNE in twisted bilayer magnonic systems,
Fig. 6 provides a first-step exploration into AFM moire´
magnons in TBM, the dynamics of which, unlike twisted
bilayer FM, have no direct correspondence to any elec-
tronic systems. In all four cases of TBM studied above,
twisting proves to be a useful tuning knob of both the
band flatness and the band topology. The subtle rela-
tion between the two seemingly different properties will
be investigated in future studies.
V. SUMMARY
In summary, we have studied the moire´ magnons in
twisted bilayer magnets for four representative cases. By
using the plane-wave expansion, we demonstrated that
the moire´ magnon bands shrunk from the Γ point of
the single-layer magnet are neither flat nor topologically
nontrivial. In striking contrast, magnon bands shrunk
from the K point become topological flat bands in the
moire´ BZ over a wide range of twist angle, which is ro-
bust against the interlayer exchange interaction as long
as the collinear ground state is preserved. Those topolog-
ical flat bands can generate transverse magnon transport
that is controllable by the twist angle.
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